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Abstract
A nonlocal form of a two-layer fluid system is proposed by a simple symmetry reduction, then
by applying multiple scale method to it a general nonlocal two place variable coefficient modified
KdV (VCmKdV) equation with shifted space and delayed time reversal is derived. Various exact
solutions of the VCmKdV equation, including elliptic periodic waves, solitary waves and interac-
tion solutions between solitons and periodic waves are obtained and analyzed graphically. As an
illustration, an approximate solution of the original nonlocal two-layer fluid system is also given.
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I. INTRODUCTION
In nonlinear science, to obtain exact solutions of nonlinear equations, including nonlin-
ear wave solutions and soliton solutions, etc., is a basic and challenging task. In the past
few decades, many effective methods have been developed to study a lot of integrable or
non-integrable equations, such as Korteweg-de Vries (KdV) equation along with its multidi-
mensional analog Kadomtsev-Petviashvili equation, different type of nonlinear Schro¨dinger
equations and so on, to give their various exact solutions. However, these well studied non-
linear systems are mostly local ones until Ablowitz and Musslimani [1] in 2013 introduced
a PT symmetric nonlocal Schro¨dinger (NNLS) equation
iqt(x, t) = qxx(x, t)± q(x, t)q∗(−x, t)q(x, t), (1)
with ∗ being complex conjugate and q being a complex valued function of the real variables
x and t. It is remarkable that, despite of the nonlocal property, Eq. (1) is an integrable
infinite dimensional Hamiltonian equation, which can be solved by inverse scattering trans-
form and possesses infinitely number of conservation laws. Although Eq. (1) was derived
with physical intuition, since then, a wealth of new nonlocal nonlinear integrable infinite
dimensional Hamiltonian dynamical systems are introduced from integrability requirement,
among which, many of them are constructed by simple symmetry reductions of general
AKNS scattering problems. These include reverse space-time, and in some cases reverse
time, nonlocal nonlinear modified Korteweg-deVries equation, nonlocal sine-Gordon equa-
tion, derivative NNLS equation and so on [2]. At the same time, many efficient methods
have been developed to obtain abundant wave solutions of nonlocal systems such as solitary
waves, periodic waves, rogue waves, etc. [3–6].
In fact, nonlocal phenomena exist commonly in many fields of real nature [7–10]. To
establish physically meaningful nonlocal systems, Lou proposed to construct two place Alice-
Bob system (AB system) by using “AB-BA equivalence principle” and “Pˆs-Tˆd-C principle”
[11]. Through this way, many nonlocal version of physically important nonlinear systems
are constructed, such as AB-KdV equation [12, 13], AB-modified KdV equation [14], AB-
NLS equation [11], etc., and various exact solutions are given, including some types of
shifted parity and time reversal (PˆsTˆd) symmetry breaking multi-soliton solutions, PˆsTˆd
conserving localized excitation, rogue wave solutions [15, 16] and so on. Especially, for some
complicated physically important AB-type models, for example AB-type multiple vortex
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interaction systems in atmosphere system, which are hard to give exact soliton solutions
or periodic wave solutions, the multiple scale expansion method is applied to transform
them into some aimed AB-type nonlinear equations, such as AB-(m)kdV equation [17, 18],
AB-NLS equation [19], etc. Through this way, many approximate solutions for the original
complicated AB-type systems can be derived from various exact solutions of aimed AB-
type equations, such as periodic elliptic wave solutions, soliton solutions and the interaction
solutions between solitons and periodic waves, etc., meanwhile, many physical phenomena
like correlated dipole blocking event can be appropriately explained.
In this paper, we use a two-layer fluid system [20]
q1t + J{ψ1, q1}+ βψ1x = 0, (2)
q2t + J{ψ2, q2}+ βψ2x = 0, (3)
where
q1 = ψ1xx + ψ1yy + F (ψ2 − ψ1), (4)
q2 = ψ2xx + ψ2yy + F (ψ1 − ψ2), (5)
and J{a, b} = axby − bxay, as a starting point to derive a nonlocal mKdV system and study
its various solutions. In Eqs. (2)-(5), F indicates coupling strength between two layers of
fluid, which is a small constant; β = β0(L
2/U) where β0 = (2ω0/a0) cos(ϕ0), with a0 being
the earth’s radius, ω0 being the angular frequency of the earth’s rotation and ϕ0 being the
latitude, U is the characteristic velocity scale while L is characteristic horizontal length
scale. In deriving Eqs. (2)-(3) in Ref. [20], the constants are fixed as L = 106m and
U = 10−1ms−1.
The paper is organized as follows. In Sect. II, a general nonlocal variable coefficient
modified KdV (VCmKdV) equation with shifted parity and delayed time reversal is derived
from nonlocal version of the two-layer system (2)-(3) by using multiple scale expansion
method. In Sect. III, various exact solutions of the VCmKdV system are obtained and
analyzed graphically, including elliptic wave solutions, solitary wave solutions, interaction
solutions between elliptic waves and solitons. Especially, a kind of elliptic wave solution
exhibits abundant wave structures for different choices of the coefficient functions of the
VCmKdV system, which is analyzed and depicted by 4 cases. In Sect. IV, as a simple
illustration, an approximated solution to the original nonlocal version of the two-layer system
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is given by using a known solution of the VCmKdV system. The last section devotes to a
summary and discussion.
II. DERIVATION OF A NONLOCAL VARIABLE COEFFICIENT MODIFIED
KDV EQUATION
Based on the AB-BA equivalence principle and Pˆs-Tˆd-C principle, the nonlocal counter-
part of the two-layer system (2)-(3) can be obtained by employing the following symmetry
constraint
ψ2 = Pˆ
x
s Tˆdψ1 = ψ1(−x+ x0, y,−t+ t0), (6)
q2 = Pˆ
x
s Tˆdq1 = q1(−x+ x0, y,−t+ t0). (7)
To derive a nonlocal modified KdV type equation with shifted parity and delayed time
reversal from it, according to the multiple scale expansion method, the following long wave
approximation assumption is assumed
ξ = (x− c0t), τ = 3t, (8)
where  is a small parameter, and c0 is an arbitrary constant. The stream function ψ1 can
be expanded as
ψ1 = c0y + U0 + ψ11(ξ, y, τ), (9)
where U0 ≡ U0(y) is an arbitrary function of y and the last term can be expanded as
ψ11(ξ, y, τ) = φ11 + 
2φ12 + 
3φ13 +O(
4), (10)
with φ1i ≡ φ1,i(ξ, y, τ), (i = 1, 2, 3) being functions of indicated variables. The model
constants F and β can be reasonable assumed as  and 2 order, respectively, i.e.,
F = F0, β = β1
2, (11)
which means that coupling strength between two layers is small and the effect of the rotation
of the earth is even smaller than that.
Substituting Eq. (9) with Eqs. (8), (10) and (11) into Eqs. (2) and (3) with (6), (7) and
vanishing coefficients of O(), we obtain
(U0y − 2c0)φ11yyξ − U0yyyφ11ξ = 0, (12)
4
and
(U0y − 2c0)φ21yyξ − U0yyyφ21ξ = 0, (13)
where φ21 = Pˆ
ξ
s Tˆ
τ
d φ11 = φ11(−ξ + ξ0, y,−τ + τ0).
Since Eqs. (12) and (13) are linear with respect to φ11 and φ12, we assume them in the
variable separation form as
φ11 = G0(y, τ)A(ξ, τ) ≡ G0A, (14)
and
φ21 = P0(y, τ)B(ξ, τ) ≡ P0B, (15)
with B(ξ, τ) = Pˆ ξs Tˆ
τ
dA = A(−ξ + ξ0,−τ + τ0) and P0(y, τ) = Tˆ τdG0 = G0(y,−τ + τ0). Now
substitute Eqs. (14) and (15) into Eqs. (12) and (13) to get
(U0y + 2c0)G0yy − U0yyyG0 = 0, (16)
and
(U0y + 2c0)P0yy − U0yyyP0 = 0, (17)
which have a general form of solution for G0 and P0
G0 = (U0y + 2c0)F1(τ)
∫
1
(U0y + 2c0)2
dy, (18)
and
P0 = (U0y + 2c0)H1(τ)
∫
1
(U0y + 2c0)2
dy, (19)
with H1(τ) = Tˆ
τ
d F1(τ) = F1(−τ + τ0) being an arbitrary function.
Now vanishing the coefficients of O(2) leads to
(U0y + 2c0)φ12yyξ−U0yyyφ12ξ = (F0U0y + 2F0c0 +φ11yyy)φ11ξ +F0(U0y + 2c0)φ21ξ−φ11yφ11yyξ,
(20)
and
(U0y + 2c0)φ22yyξ −U0yyφ22ξ = (F0U0y + 2F0c0 + φ11yyy)φ21ξ +F0(U0y + 2c0)φ11ξ − φ21yφ21yyξ,
(21)
where φ22 = Pˆ
ξ
s Tˆ
τ
d φ12 = φ12(−ξ + ξ0, y,−τ + τ0).
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To solve the Eqs. (20) and (21), it is readily verified that φ12 and φ22 can be taken in the
form
φ12 = (G1B +G2A+G3A
2)G0 (22)
and
φ22 = Pˆ
ξ
s Tˆ
τ
d φ12 = (P1B + P2A+ P3A
2)P0, (23)
where Pi(y, τ) = Tˆ
τ
dGi(y, τ) = Gi(y,−τ + τ0) (i = 1, 2, 3), which are determined by substi-
tuting Eqs. (22)-(23) into Eqs. (20)-(21) as
G1 = − Q
G0
[
F8 +
∫
F7 −
∫
F0P0Qdy
Q2
dy
]
, (24)
G2 = − Q
G0
[
F6 +
∫
F5 −
∫
F0G0Qdy
Q2
dy
]
, (25)
G3 = −2Q
G0
[
F4 +
∫
F3 −
∫
(G0G0yyy −G0yyG0y)dy
4Q2
dy
]
, (26)
where Q = U0y + 2c0 and Fi, (i = 3 · · · 8) are arbitrary functions of τ .
To take one step further by vanishing coefficients O(3) we get
(U0y + 2c0)φ13yyξ − U0yyyφ13ξ = (F0φ21y + φ12yyy + β1)φ11ξ + (F0U0y + 2F0c0 + φ11yyy)φ12ξ
+ F0(U0y + 2c0)φ22ξ − (U0y + 2c0)φ11ξξξ + (F0φ21ξ − φ12yyξ)φ11y − φ12yφ11yyξ + φ11yyτ , (27)
(U0y + 2c0)φ23yyξ − U0yyyφ23ξ = (F0φ11y + φ22yyy + β1)φ21ξ + (F0U0y + 2F0c0 + φ21yyy)φ22ξ
+ F0(U0y + 2c0)φ22ξ − (U0y + 2c0)φ21ξξξ + (F0φ11ξ − φ22yyξ)φ21y − φ22yφ21yyξ + φ21yyτ , (28)
where φ23 = Pˆ
ξ
s Tˆ
τ
d φ13 = φ13(−ξ + ξ0, y,−τ + τ0).
Without using y−average trick as in many literatures, we assume the general form of
variable separation solutions of Eqs. (27) and (28) as
φ13 = g1
∫
AξBdξ + g2A
3 + g3A
2 + g4A+ g5AB + g6B
2 + g7B + g8Aξξ, (29)
φ23 = Pˆ
ξ
s Tˆ
τ
d φ13 = p1
∫
BξAdξ + p2B
3 + p3B
2 + p4B + p5AB + p6A
2 + p7A+ p8Bξξ, (30)
where pi(y, τ) = Tˆ
τ
d gi(y, τ) = gi(y,−τ +τ0) (i = 1 · · · 8) are functions to be determined later.
Substituting Eqs. (29) and (30) into Eqs. (27) and (28) and requiring coefficients of different
derivatives of A and B be proportional to each other up to a constant level, we arrive at a
general nonlocal modified KdV system:
Aτ + (e2A
2 + e3A+ e8B + e4)Aξ + (e5A+ e6B + e7)Bξ + e1Aξξξ + e9A = 0, (31)
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Bτ + (s2B
2 + s3B + s8A+ s4)Bξ + (s5B + s6A+ s7)Aξ + s1Bξξξ + s9B = 0, (32)
where e9 =
F1τ
F1
, ei ≡ ei(τ) (i = 1 · · · 8) and si(τ) = Tˆ τd ei(τ) = ei(−τ + τ0) (i = 1 · · · 9) are
arbitrary functions, while gi (i = 1 · · · 8) in Eq. (29) are determined by
g1 = −Q(m16 +
∫
(m15 −
∫
2G1yG
2
0y + (4G0G1yy − F0P0)G0y + 2G0G0yyG1y
+(e5 − e8)G0yy + F0G0P0y +G20G1yyydy)Q−2dy),
g2 = −3Q(m4 +
∫ (
m3 −
∫
(G0G3yy − 3G0yyG3)G0y − 4G3yG20y +G20G3yyy
+2G0G0yyG3y + 3G0G3G0yyy − e2G0yydy
)
(3Q)−2dy),
g3 = −2Q(m6 +
∫
(m5 −
∫
2(G0G2yy −G0yyG2)G0y − 2G2yG20y + 2F0G0U0yG3
+4F0G0G3c0 +G
2
0G2yyy + 2G0G0yyG2y + 2G0G2G0yyy − e3G0yydy)(2Q)−2dy),
g4 = −Q(m8 +
∫
(m7 −
∫
F0(G2G0 + P1P0)U0y + 2F0G0G2c0 + 2F0P1P0c0
+G0β1 − e4G0yydy)Q−2dy),
g5 = −Q(m10 +
∫
(m9 −
∫
(F0P0 −G0G1yy −G0yyG1)G0y − 2G1yG20y +G0G1G0yyy
−e5G0yydy)Q−2dy),
g6 = −2Q(m12 +
∫
(m11 −
∫
2F0U0yP3P0 + 4F0P3P0c0 − e6G0yydy)(2Q)−2dy),
g7 = −Q(m14 +
∫
(m13 −
∫
F0(G1G0 + P2P0)U0y − e7G0yy + 2F0c0(G1G0 + P2P0)dy)Q−2dy),
g8 = −Q(m2 +
∫
(m1 +
∫
U0yG0 + 2G0c0 + e1G0yydy)Q
−2dy),
(33)
with mi ≡ mi(τ) (i = 1 · · · 16) being arbitrary functions.
III. EXACT SOLUTIONS OF THE NONLOCAL VCMKDV EQUATION
A. exact solutions of the VCmKdV system with constant coefficients
To give more interesting solutions of the VCmKdV equation (31), for simplicity, we first
assume the coefficient of it are all constants. Under this assumption as well as e9 = 0 in
Eq. (31), i.e. F1(τ) is a nonzero constant, we use elliptic function expansion method and
generalized tanh expansion method to give some periodic wave solutions and interaction
solutions between soliton and periodic waves, respectively.
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1. periodic wave solutions
Using elliptic function expansion method, after some routine work, it can be verified Eq.
(31) admits two kinds of elliptic wave solutions, the first one is
A = −e3 − e5 + e6 − e8
2e2
± a2m
√
−6e1
e2
sn
(
a2(ξ − 1
2
ξ0) + b2(τ − 1
2
τ0),m
)
, (34)
with
b2 =
a2
[
4e1e2(m
2 + 1)a22 − 4(e4 − e7)e2 + (3e8 + e3 − 3e6 − e5)(e3 − e5 + e6 − e8)
]
4e2
, (35)
and the other one is
A = −e3 + e5 + e6 + e8
2e2
± a3m
√
6e1
e2
cn
(
a3(ξ − 1
2
ξ0) + b3(τ − 1
2
τ0),m
)
, (36)
with
b3 = −
a3
[
4e1(2m
2 − 1)e2a23 + (4e4 + 4e7)e2 − (e3 + e5 + e6 + e8)2
]
4e2
, (37)
and the others being arbitrary constants. It’s interesting to see that the solution of (34) is
Pˆ ξs Tˆ
τ
d symmetry breaking while the solution of (36) is Pˆ
ξ
s Tˆ
τ
d symmetry conserving, which
are shown in Figs. 1(a) and 1(b), respectively, with upper sign and the parameters are fixed
as
a2 = e2 = e3 = e4 = e6 = e7 = e8 = ξ0 = τ0 = 1, e1 = −1, e5 = 2, b2 = −1.56,m = 0.9, (38)
for Fig. 1(a), and
a3 = e1 = e2 = e3 = e4 = e6 = e7 = e8 = 1, ξ0 = τ0 = 0, e5 = 2, b3 = −1.06,m = 0.9, (39)
for Fig. 1(b), respectively, at a specific time τ = 1. When m in Eqs. (34) and (36)
approaches to unity, it reduces to tanh and sech functions, respectively, which are shown in
Figs. 2(a) and 2(b), with upper sign and the parameters are fixed as
a2 = e2 = e3 = e4 = e6 = e7 = e8 = ξ0 = τ0 = m = 1, e1 = −1, e5 = 2, b2 = −1.75, (40)
for Fig. 2(a), and
a3 = e1 = e2 = e3 = e4 = e6 = e7 = e8 = m = 1, ξ0 = τ0 = 0, e5 = 2, b3 = −1.44, (41)
for Fig. 2(b), respectively, at a specific time τ = 1.
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(a) (b)
FIG. 1: Profiles of elliptic periodic wave solution at a specific time τ = 1 with upper sign: (a) sn
solution of (34) with (35); (b) cn solution (36) with (37).
 
(a) (b)
FIG. 2: Profiles of soliton solution at a specific time τ = 1 with upper sign: (a) kink soliton solution
of (34) with (35); (b) bright soliton solution of (36) with (37).
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2. interaction solutions between solitons and periodic waves
To obtain interaction solutions between solitons and periodic waves, a simple but effective
way is using generalized tanh expansion method. To this end, we assume the solution of Eq.
(31) has the form A = a0 + a1 tanh(f) with a0, a1 and f are all undetermined functions of
ξ and τ . By carrying out the standard procedure, we have
A = −
√−6e1e2fξξ
2e2fξ
− e3 − e5 + e6 − e8
2e2
+
√−6e1e2fξ
e2
tanh(f), (42)
with f = ξ1 + h1arctanh(h2sn(h3ξ2,m)), ξ1 = k1(ξ − 12ξ0) + ω1(τ − 12τ0), ξ2 = k2(ξ − 12ξ0) +
ω2(τ − 12τ0), and the constants an be classified into 44 cases, here, we just list 2 of them:
case (1)
h1 = 1, h2 = ±
√
m, h3 =
2k1
k2(m+ 1)
, (43)
ω1 =
k1
4(m+ 1)2e2
{
[8k21(m
2 + 14m+ 1)e1 − 4(m+ 1)2(e4 − e7)]e2
+(m+ 1)2(3e8 + e3 − 3e6 − e5)(e3 − e5 + e6 − e8)
}
, (44)
ω2 =
k2
4(m+ 1)2e2
{
(8k21(5m
2 + 6m+ 5)e1 − 4(m+ 1)2(e4 − e7))e2
+(m+ 1)2(3e8 + e3 − 3e6 − e5)(e3 − e5 + e6 − e8)
}
, (45)
case (2)
h1 =
1
2
, h2 = −m, h3 = 2k1
k2m
, (46)
ω1 =
k1
4m2e2
{
[8k21(m
2 + 3)e1 − 4m2(e4 − e7)]e2
+m2(3e8 + e3 − 3e6 − e5)(e3 − e5 + e6 − e8)
}
, (47)
ω2 =
k2
4m2e2
{
[8k21(5m
2 − 1)e1 − 4m2(e4 − e7)]e2
+m2(3e8 + e3 − 3e6 − e5)(e3 − e5 + e6 − e8)
}
, (48)
with the others remain free.
To show the special feature of interaction solutions, case (1) of the solution (42) is dis-
played in Fig. 3 for A and Fig. 4 for B, with the parameters are fixed as
e2 = e4 = e5 = e7 = e8 = k2 = h1 = ξ0 = τ0 = 1, e1 = −0.1, e3 = 2, e6 = 2, k1 = 8,
m = 0.6, h2 = 0.77, h3 = 10, ω1 = −398.4, ω2 = −53. (49)
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(a) (b)
FIG. 3: Profiles for A of interaction solutions (42) in case (1): (a) three dimensional view; (b)
density plot.
Fig. 3 shows the structure of a kink soliton interacting with elliptic periodic waves, while
Fig. 4 shows the structure of a anti-kink soliton interacting with elliptic periodic waves,
both of which are with a nonzero phase change.
B. exact solutions of the nonlocal VCmKdV equation with variable coefficients
For the general case, i.e. ei(τ) (i = 1 · · · 9) in Eq. (31) are not constants, we give the
following two kinds of periodic wave solutions, one is
A = 12k2m2cn2
(
k(ξ − 1
2
ξ0) + ω(τ)(τ − 1
2
τ0),m
)
, (50)
with
ω(τ) =
−2
2τ − τ0
∫ τ− 1
2
τ0
k
(
4k2(2m2 − 1)e1(τ + 1
2
τ0) + e4(τ +
1
2
τ0) + e7(τ +
1
2
τ0)
)
dτ, (51)
and the other one is
A = −12k2m2sn2(k(ξ − 1
2
ξ0) + ω(τ)(τ − 1
2
τ0),m
)
, (52)
with
ω(τ) =
2
2τ − τ0
∫ τ− 1
2
τ0
k
(
4k2(m2 + 1)e1(τ +
1
2
τ0)− e4(τ + 1
2
τ0)− e7(τ + 1
2
τ0)
)
dτ, (53)
11
(a) (b)
FIG. 4: Profiles for B = Pˆ ξs Tˆ τdA of interaction solutions (42) in case (1): (a) three dimensional
view; (b) density plot.
and the others are arbitrary constants. In Eqs. (50) and (52), sn and cn are elliptic sine
function and cosine functions, respectively, with modulus m. In addition, both of these
solutions are under the common condition
e3(τ) = e1(τ)− e6(τ)− e5(τ)− e8(τ), e2(τ) = e9(τ) = 0. (54)
Choosing different functions of ei(τ), (i = 1 · · · 8) results in rich structure of the solution
(50), here we show it graphically by fixing the parameters as
e1 = e4 = e5 = e6 = e7 = e8 = cos(τ), e3 = −2 cos(τ), k = 0.5, ξ0 = τ0 = 0, (55)
for Fig. 5,
e1 = e4 = e5 = e6 = e7 = e8 = sech(τ), e3 = −2sech(τ), k = 0.5, ξ0 = τ0 = 0, (56)
for Fig. 6,
e1 = e5 = e6 = e8 = cos(τ), e4 = e7 = cos(τ)
2, e3 = −2 cos(τ), k = 0.5, ξ0 = τ0 = 0, (57)
for Fig. 7,
e1 = e5 = e6 = e8 = τ
2, e4 = e7 = τ
2 cosh(τ), e3 = −2τ 2, k = 0.5, ξ0 = τ0 = 0, (58)
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(a) (b)
FIG. 5: Profiles of the solution (50) with the parameters being fixed by (55) and (a)m=0.9; (b)m=1.
for Fig. 8, respectively. In each of the figures, the right wave is the limiting case of the left
waves by taking m→ 1 in Eq. (50). It is interesting to observe from Figs. 5-8 that we can
generate abundant wave shapes or wave dynamics by simply fixing different coefficients of the
VCmKdV equation (31), which have potential applications in explaining real phenomenon
of two-layer liquid system. In addition, it’s clear that the solution (50) obviously conserve
Pˆ ξs Tˆ
τ
d symmetry, so the field B have exactly the same dynamic behavior as A.
IV. AN ILLUSTRATION: APPROXIMATE SOLUTIONS OF THE NONLOCAL
TWO-LAYER FLUID SYSTEM
Given the abundant known exact solutions of the nonlocal VCmKdV equation, it is
meaningful to use them to generate approximate solutions of the original two-layer fluid
system and give them appropriate physical explanations. To this end, up to O(), we first
obtain the approximate solution of Eqs. (2) and (3) from Eqs. (10) and (14)
ψ1 = c0y + U0(y) + G0(y)A(ξ, τ), ψ2 = Pˆ
ξ
s Tˆ
τ
d ψ1 (59)
with ξ = (x − c0t), τ = 3t, and G0 is given by (18). When taking A(ξ, τ) in Eq. (59) as
the solution of Eq. (36), i.e. the solution of (31) with constant coefficients, and fixing the
13
(a) (b)
FIG. 6: Profiles of the solution (50) with the parameters being fixed by (56) and (a)m=0.9;
(b)m=1.
(a) (b)
FIG. 7: Profiles of the solution (50) with the parameters being fixed by (57) and (a)m=0.9;
(b)m=1.
arbitrary functions and parameters as
U0 = sin
y
4
(60)
14
(a) (b)
FIG. 8: Profiles of the solution (50) with the parameters being fixed by (58) and (a)m=0.9;
(b)m=1.
and
C1 = 0, C2 = 200, a3 = 2, b3 = −6, e1 = e2 = e3 = e5 = e6 = e7 = e8 = c0 = 1,
e4 = 2, m = 1, t0 = 10, x0 = 160,  = 0.1, (61)
and by substituting them into Eq. (59), a special stream function is obtained, of which, the
density distribution and streamlines are shown in Fig. 9. Observing from Figs. 9(a) and
9(b), it’s obvious that the vertices have the property of congestion both in space and time,
which are mainly localized around the line of x = 75 and t = −71, respectively. It should be
noted that the existence of an arbitrary function U0 in Eq. (59) could generate more kinds
of approximate solutions for the original nonlocal two-layer fluid system. Furthermore, if
we take the A in Eq. (59) as the solution of Eq. (31) with variable coefficients (e.g. the
solution of (52)) more complex can be generated by choosing different ω(τ), which have
more potentiality of physical applications.
V. CONCLUSION AND DISCUSSION
In summary, a nonlocal VCmKdV system with shifted parity and delayed time reversal is
derived from a two-layer liquid system by applying AB-BA equivalence principle and multiple
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(a) (b)
FIG. 9: Density plot with stream lines of the approximate solution (59) with (36) at:(a)t=1;(b)x=1.
scale expansion method. Various exact solutions of the VCmKdV system are obtained,
including elliptic periodic waves, solitary waves and interaction solutions between solitons
and periodic waves. As an illustration, a simple approximate solution of the original nonlocal
two-layer liquid system are given and analyzed.
From the derivation process of nonlocal VCmKdV system, it’s clear that multiple scale
method is powerful in obtaining aimed nonlocal nonlinear systems. In this sense, their exists
a lot of work to derive other types of nonlocal equations from many physically important
model and use their approximate solutions to analyze related phenomena, which needs to
be explored in our future work.
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